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e
We give an introdutory aount to the renormalization of models without metri bak-
ground. We sketh the appliation to ertain disrete models of quantum gravity suh
as spin foam models.
1. Conventional Renormalization
We rst desribe the onventional renormalization proedure as it applies to lattie
models of statistial eld theory (see e.g.
1
). We do this in a way that is suitable for
the generalization performed later. To be spei, the renormalization presription
we onsider uses a parameter spae xed from the outset rather than a deima-
tion presription. A prime example where this type of renormalization is of major
importane is lattie gauge theory.
Consider a lattie model of a statistial eld theory. Loal degrees of freedom
(e.g. spins, group elements) are assoiated with elements of the lattie (verties,
links, plaquettes, et.), whih represents a disretization of spae or spae-time.
Physial quantities (energy, orrelation funtions, et.) are obtained by summing
over these degrees of freedom with ertain weights. These quantities depend on the
disretization sale (lattie spaing) a and parameters λ of the model, often alled
oupling onstants. We will denote suh quantities generially by O(a, λ).
The real physial system one is trying to model might be a ontinuous system
(suh as a quantum eld theory). In this ase the lattie model approximates the
physial system for small lattie spaings a. An example for this situation is lattie
gauge theory. On the other hand the physial system might have a lattie like
struture, but with a lattie spaing dierent from a. In this ase the model might
be intended to give an eetive desription of the physial system. This is typially
the ase in ondensed matter physis. In both ases, the lattie spaing a is a
mathematial artifat. To extrat physial preditions from the model one has to
renormalize. Very broadly speaking this means having ontrol over the dependene
of physial quantities on the disretization sale a.
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We formalize this as follows. We denote by A the set of disretizations (latties).
A given disretization a is determined ompletely by its lattie spaing, whih we
denote by the same symbol a. To hange a to a′ we simply multiply by a positive
real number g. These form the group G of sale transformations, whih we also all
the group of hanges of disretizations.
The model omes with oupling onstants (parameters) λ whih are adjustable
from within a spae of oupling onstants Λ. The renormalization problem might
now be desribed as follows: Find an ation of the group G of hanges of disretiza-
tions on the spae Λ of oupling onstants suh that physial parameters of the
model remain unhanged. Formally, this reads
O(g ⊲ a, g ⊲ λ) = O(a, λ), ∀O, ∀a ∈ A, ∀g ∈ G, ∀λ ∈ Λ. (1)
The symbol ⊲ stands for the ation. In partiular, g ⊲ a is just the multipliation of
a by g.
Given a solution of equation (1) one allsG (with its ations) the renormalization
group and the orbits of G in Λ are alled the renormalization group ow. This
renders the model physially preditive in the following sense: For a given orbit,
the quantities O of the model take denite values independent of the disretization.
For brevity we have simplied the situation onsiderably, leaving out signiant
details. The equation (1) usually annot be required to hold exatly, but only
approximately. The degree of approximation is normally linked to the sale a.
Furthermore, physial quantities O often annot be dened for arbitrary a, but
usually require a to be suiently small ompared to some physial sale (e.g. for
orrelation funtions).
2. Renormalization without bakground
We now proeed to generalize the renormalization idea to disrete theories without
metri bakground
2
. These are models whih use a disretization of spae (or
spae-time), where no metri struture is provided and thus no notion of sale
exists. Consequently, the notion of regular disretization (as e.g. a hyperubi
lattie) makes no sense. Suh disretizations an be for example triangulations of
a manifold, or CW-omplexes, or even abstrat graphs. Again, degrees of freedom
(spins, group elements et.) are assoiated to elements of the disretization (verties,
ells, et.). Physial quantities O are obtained by a weighted sum over the degrees
of freedom.
As in the familiar lattie setting the physial system one tries to model might
be ontinuous or disrete. Irrespetive of this the prinipal idea of renormaliza-
tion remains the same as before: Control the hange of the model with hange of
disretization to extrat physial preditions.
The model in question of ourse needs to have adjustable oupling onstants as
in the lattie ase. However, in general this will not be enough. A disretization
and thus also a hange of disretization is something muh more general than in
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the lattie ase. There a hange of disretization was a global operation, neessarily
aeting the whole lattie by resaling it. Now a hange of disretization is muh
more arbitrary. In partiular, we may hange a disretization loally, i.e. hange
only a little part of it. To eetively ompensate suh a loal hange by tuning
oupling onstants is in general only oneivable if these oupling onstants are
loal. That is, we require oupling onstants also to be attahed to elements of the
disretization.
We now follow essentially the same route as in the lattie setting, introduing
modiations on the way as required. As before we all the spae of disretization
A and a disretization itself a. (Note that a is no longer identied with a sale
or number.) What is a hange of disretization? We use the most general notion
possible, namely speify a hange by a pair (a, a′) of initial and nal disretization.
These pairs form a groupoid G. As in a group elements an be omposed, but now
only if they math. Mathing means here simply that the nal disretization of the
rst pair is the initial disretization of the seond one. Conretely, (a, a′) omposes
with (a′, a′′) to (a, a′′).
The spae of oupling onstants is a dierent one for eah disretization a and we
denote it by Λa, with a hoie of oupling onstants denoted by λa. The equivalent
of the xed-point equation (1) formally takes almost the idential form
O(g ⊲ a, g ⊲ λa) = O(a, λ), ∀O, ∀a ∈ A, ∀g ∈ Ga, ∀λa ∈ Λa. (2)
Here, Ga denotes the subset of G that have initial disretization a. These are the
elements of the form g = (a, a′). The ruial ingredient is now an ation of the
groupoid G on the spaes of oupling onstants Λ. This means the following: For
eah pair of disretizations (a, a′) there is a map Λa → Λa′ , sending λa 7→ (a, a
′)⊲λa′ .
These maps are required to satisfy the omposition property (a′, a′′)⊲((a, a′)⊲λa) =
(a, a′′) ⊲ λa and unity property (a, a) ⊲ λa = λa in analogy to a group ation.
Given a solution of equation (2) we all G (with its ations) the renormalization
groupoid and the orbits of G in Λ the renormalization groupoid ow. Suh a solution
renders the model preditive in the sense that for a given orbit the quantities O
take denite values independent of the disretization.
However, even more so than in our review of the lattie ase we should add that
the situation is really more ompliated than our brief treatment allows to onvey.
In partiular, in addition to the issues already mentioned in the previous setion
novel ones spei to the generalized notion of renormalization arise. We refer the
reader to
2
.
3. Appliation to models of quantum gravity
We shall now outline the appliation of the renormalization proedure of the previ-
ous setion to a ertain lass of models of quantum gravity.
To be spei, we follow the general boundary approah
3,4
and assume that a
model of quantum gravity is formulated roughly as follows:
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• Basi objets are 4-dimensional regionsM of spae-time (4-manifolds) with
boundaries Σ. For simpliity we might restrit to M having the topology
of a 4-ball.
• To any boundary Σ is assoiated a vetor spae of states HΣ.
• To any region M is assoiated an amplitude map ρM : HΣ → C.
These strutures are further required to satisfy the axioms of a topologial quantum
eld theory. Note that HΣ is not the usual Hilbert spae of quantum mehanis,
but a kind of square of it. On the other hand, physial probabilities emerge as in
standard quantum mehanis as moduli squared of amplitudes. For details see
3,4
.
The lass of models we are interested in here an be desribed as follows. For a
region M of spae-time onsider a disretization a, e.g. a deomposition of M into
ells that all have the topology of a 4-ball. This disretization inludes in partiular
a disretization a¯ of the boundary Σ of M (into ells that are 3-balls). With Σ
and a¯ we assoiate a state spae HΣ,a¯. This should be thought of as a restrited
version of the state spae HΣ that we really want to assoiate with the boundary
aording to the above presription. Consider another disretization a¯′ of Σ that is
ner than a¯, i.e. it arises by further subdividing Σ. Then we require that there is an
embedding map Ia¯,a¯′ : HΣ,a¯ → HΣ,a¯′ . This might be interpreted intuitively in the
sense that the state spaes HΣ,a¯ apture more and more of a full state spae HΣ
the ner the disretization is. The amplitude map of suh a model depends on the
disretization and takes values on the restrited state spaes, ρM,a,λa : HΣ,a¯ → C.
It depends on loal oupling onstants λa.
Models of this type an be obtained from path-integral quantization approahes
to gravity. Prominent among these are spin foam models, see the review
5
. Very
briey, one formulates gravity in a form that resembles a gauge theory. Then,
one disretizes spae-time and denes a disrete state sum very muh as in lattie
gauge theory (exept that there is no regular lattie). Finally, the group valued
variables are onverted to representation (spin) valued ones by a generalized Fourier
transform. In partiular, the spin foam models for (Eulidean) quantum gravity of
Reisenberger and of Barrett and Crane an be brought into a form that almost ts
our desription above. What is missing are loal adjustable oupling onstants. To
remedy this, we reently proposed the interpolating model
2
, a tunable model
inspired by the Barrett-Crane model.
The task of renormalization is as before, to get rid of the disretization depen-
dene in order to make the model physially preditive. We apply the desription
of Setion 2, adapted to the ase at hand. The natural hoie for the quantities O
are amplitudes evaluated on states. Conretely, given a disretization a of M , asso-
iated oupling onstants λa and a state ψa¯ ∈ HΣ,a¯ we set O(a, λa) = ρM,a,λa(ψa¯).
We have the additional ompliation that not only the spaes Λa of oupling
onstants depend on the disretization, but also the restrited state spaes HΣ,a¯.
Using the embedding maps the spae HΣ is onstruted to ontain all spaes HΣ,a¯
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in the sense that the diagrams
HΣ,a¯

// HΣ
HΣ,a¯′
<<
y
y
y
y
y
y
y
y
ommute. (Tehnially speaking HΣ is a olimit.) Furthermore, the embedding
maps an be used to dene the ation of a hange of disretization g = (a, a′) on a
state ψa¯ ∈ HΣ,a¯ to be g ⊲ ψa¯ = Ia¯,a¯′(ψa¯).
The analogue of the xed-point equation (2) an now be stated:
ρM,a,λa(ψa¯) = ρM,g⊲a,g⊲λa(g ⊲ ψa¯) ∀a ∈ A, ∀g ∈ G˜a, ∀ψa¯ ∈ HΣ,a¯, ∀λa ∈ Λa. (3)
Note that g an only be a hange of disretization here that is rening (hene the
tilde over G), see 2 for more details on this issue.
Of ourse, equation (3) is only where the hallenge begins. To nd an atual
ation of the renormalization groupoid that solves the equation (approximately) is
a rather non-trivial task in general. It is in general even highly unlear if a solution
exists at all. The appliation of this renormalization proedure to realisti models
of quantum gravity stands only at its very beginning.
We make a nal remark on spin foam models. Usually they are not interpreted to
provide a general boundary type theory as desribed above. Rather, they are either
interpreted as providing transition amplitudes for a anonial quantization alled
loop quantum gravity or they are interpreted more in line with statistial lattie
models. In the latter ase observable quantities would be assoiated to ertain
weight funtions measuring loal degrees of freedom in the interior of M . In both
situations the renormalization proedure would be dierent from the one desribed
in this setion due to the dierent nature of the quantities O. However, the general
proedure of Setion 2 still applies.
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